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Control of a quantum system

Consider the Schrodinger equation

=0

P(0) = o i €H

i"/}: <HO+ f: Uka) wv 2067{ (1)
k

where:
i) Hk, k =1,...,m are selfadjoint operators on H called control operators
i) uk = uk(t) € UCR, k=1,...,m are real valued functions called control
functions. These functions belongs to a subset il of a suitable functional
space (usually PC(R*;U)).
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Control of a quantum system

Consider the Schrodinger equation

i"/}: <HO+ f: Uka) wv 77[]67'[ (1)
k=0

P(0) = o i €H

where:
i) Hk, k =1,...,m are selfadjoint operators on H called control operators

i) uk = uk(t) € UCR, k=1,...,m are real valued functions called control
functions. These functions belongs to a subset il of a suitable functional
space (usually PC(R*;U)).

Problem

Given a final state 1¢ € H, find a finite time T > 0 and control functions
ug . [0, T] = U, k =1, ..., m such that 1(t), solution to (1), satisfies ¥)(T) = tr.
If such controls could be founded we will say that ¢ is reachable from ;.
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Questions and aims

1 Which points of the space are reachable from ;7
— Determine the set of states reachable from a given ;.
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Questions and aims

1 Which points of the space are reachable from ;7
— Determine the set of states reachable from a given ;.

Definition

The system (1) is controllable if any final state 1 € H is reachable from any
initial state ¢; € H.
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Questions and aims

1 Which points of the space are reachable from ;7
— Determine the set of states reachable from a given ;.

Definition

The system (1) is controllable if any final state 1 € H is reachable from any
initial state ¢; € H.

2 lIs it possible to find explicitly the control functions?
— Find a contructive method to obtain the control functions in specific
cases.
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Finite dimensional quantum systems

If dimH = n < oo one could determine the controllability properties of the
systems looking at the propagator dynamic

iU = (Ho +k§O uka) U, UecU(n) @)
u() =1
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Finite dimensional quantum systems

If dimH = n < oo one could determine the controllability properties of the
systems looking at the propagator dynamic

iU = (Ho +k§0 uka) U, UecU(n) @)
u() =1

The set of states reachable from the identity for system (2) is given by the
connected Lie subgroup e*, corresponding to the Lie algebra L, generated by

{iHo, iHy, ..., iHm}.
System (2) is operator-controllable if and only if L = u(n) or L = su(n).
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Finite dimensional quantum systems

If dimH = n < oo one could determine the controllability properties of the
systems looking at the propagator dynamic

iU = (Ho +k§O uka) U, UecU(n) @)
u() =1

Theorem

The set of states reachable from the identity for system (2) is given by the
connected Lie subgroup e*, corresponding to the Lie algebra L, generated by
{iHo, iHy, ..., iHm}.

System (2) is operator-controllable if and only if L = u(n) or L = su(n).

Example: Two level system

w="2 (3 O )eruo (] 5 )v )

| \
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Infinite dimensional framework

dimH = oo. Consider the following system with one control

iy = (Ho + uHy )y )
¥(0) = i
where Hy and H; are selfadjoint operators, u is a piecewise constant function with
value in U C R.
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Infinite dimensional framework

dimH = oo. Consider the following system with one control

iy = (Ho + uHy )y )
¥(0) = i
where Hy and H; are selfadjoint operators, u is a piecewise constant function with
value in U C R. Moreover suppose that the following assumptions holds:

ul) exists an orthonormal basis ® = {@,},cn of H consisting of eigenfunctions of
Ho. For every n € N Hydp = An@n;

u2) for every n € N, ¢, is in D(H;), the domain of Hj;
u3) for every u € U, (Hp + uHy) is essentially self adjoint on Span{¢,}nen;
u4) if \j = A¢ and j # k then (¢;, Hipx) = 0.
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Infinite dimensional framework

dimH = oo. Consider the following system with one control

iy = (Ho + uHy )y )
¥(0) = i
where Hy and H; are selfadjoint operators, u is a piecewise constant function with
value in U C R. Moreover suppose that the following assumptions holds:

ul) exists an orthonormal basis ® = {@,},cn of H consisting of eigenfunctions of
Ho. For every n € N Hydp = An@n;

u2) for every n € N, ¢, is in D(H;), the domain of Hj;
u3) for every u € U, (Hp + uHy) is essentially self adjoint on Span{¢,}nen;
u4) if \j = A¢ and j # k then (¢;, Hipx) = 0.

If u= 3 ujly,, _¢), a solution to (4) could be written as
J

¢(t) _ T’;((/}l) _ e(t*tk)(HO‘H-’kHl)etk—l(H0+Uk—1H1) 0---0 etl(Ho+U1H1)w

i
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A weak notion of controllability

In general for an infinite dimensional quantum system the reachable set from a

given 1) is dense in D(Hp) ([BMS][T]). So the notion of exact controllability is
too strong for such a system.
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A weak notion of controllability

In general for an infinite dimensional quantum system the reachable set from a
given 1) is dense in D(Hp) ([BMS][T]). So the notion of exact controllability is
too strong for such a system.

Example: Square potential well

. 1
i) = —§A¢ + uxp, x € (0,1)
The attainable set with L? controls from the first eigenstate of the Laplacian is

L2((0,1),C) U {y € H*((0,1),C) | $(0) = ¥(1) = %(0) = %(1) = 0}
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A weak notion of controllability

Definition

Let (Ho, H1, U, ®) satisfy Assumption 1. We say that (4) is approximately

controllable if for every € > 0, for every 1;, 1 in the unit sphere of H, there exists
a piecewise constant function u. : [0, T.] — U such that

| T @) =¥ ll<e
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A weak notion of controllability

Definition

Let (Ho, H1, U, ®) satisfy Assumption 1. We say that (4) is approximately
controllable if for every € > 0, for every 1;, 1 in the unit sphere of H, there exists
a piecewise constant function u. : [0, T.] — U such that

| T @) =¥ ll<e

Example: Harmonic oscillator

— .
A\

i = 5(—A + X* ) + uxap, x€eR

This system is not controllable in any reasonable sense [MR].
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A sufficient condition for approximate controllability

Consider a subset S C N2 that satisfies the following conditions

Non-resonance: for every (j, k) € S

N =Ml # As = Ae] Y (s, 8) € NP\ {(j, k), (k,j)} s. t. (Bos,de) #0
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A sufficient condition for approximate controllability

Consider a subset S C N2 that satisfies the following conditions

Non-resonance: for every (j, k) € S

N =Ml # As = Ae] Y (s, 8) € NP\ {(j, k), (k,j)} s. t. (Bos,de) #0

Connectedness by chains: for every (j, k) € N? exists a finite sequence
{s1,..,5m} C N such that

i) ss = and sy, = k;

i) (si,siy1)€Sfori=1,....,m—1;

iil) (po, Highs,) #O0For i=1,..,m— 1.

Lorenzo Pinna (Rome, La Sapienza) Controllability of spin-boson systems TQMS 2015 8 /15



A sufficient condition for approximate controllability

Consider a subset S C N2 that satisfies the following conditions

Non-resonance: for every (j, k) € S

N =Ml # As = Ae] Y (s, 8) € NP\ {(j, k), (k,j)} s. t. (Bos,de) #0

Connectedness by chains: for every (j, k) € N? exists a finite sequence
{s1,..,5m} C N such that

i) ss = and sy, = k;

i) (si,siy1)€Sfori=1,....,m—1;

iil) (po, Highs,) #O0For i=1,..,m— 1.

We will say that a subset with these properties is a non-resonant connectedness
chain for the system (4).
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A sufficient condition for approximate controllability

Theorem (Boscain et al. [BCCS])

Let 6 > 0 and let (Ho, Hi, [0, 8], ®) satisfy Assumption 1. If there exists a

non-resonant connectedness chain for (Hp, Hi, [0, &], ®) then (4) is approximately
controllable.
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A sufficient condition for approximate controllability

Theorem (Boscain et al. [BCCS])

Let 6 > 0 and let (Ho, Hi, [0, 8], ®) satisfy Assumption 1. If there exists a
non-resonant connectedness chain for (Hp, Hi, [0, &], ®) then (4) is approximately
controllable.

| A

Example: Square potential well

L 1 11
Iw——EAi/J-i-UXtP, x6<—§,§>, u € [0,4]

Could be proof that the equivalent system

i = Ap 4+ vxih,  x€ <—% %)

where A, = %A + nx, is approximately controllable with v € [n,d — 7].
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Spin-boson systems

Consider L?(R; C) ® C?, the Hilbert space of a bosonic mode of a quantized field
in interaction with a two-level system. The free hamiltonian for this system is

hw d? hQ 1 0 1 hQ
hh=—|——F7 2)el+—1 = f - 1+ —1®o,
0 2<dx2+x>®+2 ®<0 _1) hw<aa+2)®+2 ®o
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Spin-boson systems

Consider L?(R; C) ® C?, the Hilbert space of a bosonic mode of a quantized field
in interaction with a two-level system. The free hamiltonian for this system is

Fuw d? hQ 1 0 1 hQ
hp= — [ —— +x* @1+ —1 = fat+ 2 |@l+—1®0,
0 2( dX2+X>®+2 ®<0 _1) hw<aa+2)®+2 ®c

Different interaction terms gives different models

0 1 N
Hrabi(g) = ho+gX®< 10 ) = ho + g(a' + a)ox

4 01 . d 0 —i
HJC(g):hO‘Fﬁ[X@( 10 ) +Idx®< i 0 )} = hotg(alo_+aoy)

The constant g € R determines the strong of the interaction.
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Spin-boson systems

We will study the controllability of these system for the control operator
H; = x ® 1, an external potential corresponding to a constant electric field.

I’(/J(l') = (H() + U(f)H1)1b(1.') with Hy = HRab[(g)/HJC(g) (5)
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Spin-boson systems

We will study the controllability of these system for the control operator
H; = x ® 1, an external potential corresponding to a constant electric field.

I’(/J(l') = (H() + U(f)Hl)w(f) with Hy = HRab[(g)/HJC(g) (5)

We observe that the Assumption 1 hold.

e hg has a complete set of eigenvectors {®, s | neN,se{—1,1}} of
eigenvalues E, s = fw(n+1/2) + hQs/2

o Hrapi(g) and Hyc(g) are small perturbations of hg (in sense of Kato). Then,
they have a complete set of eigenvectors for every g € R (by the Kato-Rellich

theorem).
g ¢,(g) = ¢H,S(O)+Z ¢51:1;)gm g+ Ens(g) = Z E(m
m=1

e H; is Kato small with respect to hg, so with respect to Hy
o (u4) holds for almost any g € R.
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Non resonance of the spectrum

In order to apply Theorem 1 we have to study the resonances of the eigenvalues.
Consider the set

Q= {('da k’l) € (NX{*L 1})4 | (iaj) 7& (ka I) e i 7éj}

Take an element (i, j, k,1). By the analytic dependence on g of the eigenvalues to
prove that

Ei(g) — Ei(g) # Ex(g) — Ei(g) forae. g

it is sufficient to prove that the Taylor expansions of E; — Ej and Ex — E in zero
are different.
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Non resonance of the spectrum

In order to apply Theorem 1 we have to study the resonances of the eigenvalues.
Consider the set

Q= {('da k’l) € (NX{*L 1})4 | (iaj) 7& (ka I) e i 7éj}

Take an element (i, j, k,1). By the analytic dependence on g of the eigenvalues to
prove that
E(g) — E(g) # Ex(g) — Ei(g) forae. g

it is sufficient to prove that the Taylor expansions of E; — Ej and Ex — E in zero
are different.
Imposing that

Ei(0) — £(0) = E(0) — £(0)

Y0 - 570 = £70) - £7(0)
one obtains a contraddiction under the hypothesis

w ¢ NQ
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Connectedness chain

Consider the set
5= {mm) € (0x (LR |G lstem) = s(o)] + fnm) — o) =1}

W Ry
- JYATT 267D
*4w7%\/m
4w — 13/a2 4 4g2(a + 1)
— 3w — 3/82 1423+ 1)
3w — 1\/a2 14823+ 1)
*Zu:—%m
L o J/a D

o= 3 e — A=w-0Q

— 0w — % A2 4 4g2(0 + 1)

0w — 1,/a2 + 4g2(0 + 1) —
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Connectedness chain

It remains to prove that

(®j(g), (x@1)Pk(g)) # 0

for a.e. g € R and for all (j,k) € S. This is similar to the previous calculations.
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Connectedness chain

It remains to prove that

(®j(g), (x@1)Pk(g)) # 0

for a.e. g € R and for all (j,k) € S. This is similar to the previous calculations.

Assume that w is not an integer multiple of Q. Then system (5), with H; = x® 1
is approximately controllable for almost every g € R.

Assume that w = Q. Then the system (5) is approximately controllable for almost
every g € R.
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